A new analytical approach is presented for the calculation of full-energy peak (FEP) efficiency of NaI (Tl) detectors. The self-attenuation of the parallelepiped source matrix, the attenuation by the source container, and the detector housing materials were considered in the mathematical treatment. The efficiency values calculated using the presently suggested analytical approach are compared with those measured values obtained by two different sizes of NaI (Tl) detectors. The calculated and the measured full-energy peak efficiency values were in a good agreement.
Introduction
One of the most important parameters in the calculation of the gamma activity of environmental radioactive sources with respect to emitted gamma energy is the detection efficiency which is usually determined using calibrated standard sources [1] . Standard radioactive sources, if available, are costly and would need to be renewed, especially when the radionuclides have short half-lives [2] . In addition to the influence of the source matrix on the counting efficiency which can be expressed by the selfattenuation factor, the fraction of the gamma rays not registered in the full-energy peak is due to the scattering or absorption within the sample [3] . An effective tool to overcome these problems could be the use of computational techniques [4] [5] [6] [7] [8] [9] to complete the calibration of the gamma spectrometry system. Also, Selim and Abbas [10] [11] [12] [13] [14] solved these problems by deriving direct analytical integrals of the detector efficiencies (total-and fullenergy peak) for any source-detector configuration and implemented these analytical expressions into a numerical integration computer program. Moreover, they [15] [16] [17] [18] introduced a new theoretical approach based on that direct statistical method to determine the detector efficiency for an isotropic radiating point source at any arbitrary position from a cylindrical detector, as well as the extension of this approach to evaluate the volumetric sources.
In a large extent, we introduced a new analytical approach for the calculation of full-energy peak efficiency of the coaxial detector with respect to point and volumetric sources (cylindrical and spherical) [19] [20] [21] . In the present work, we deal with parallelepiped source. The basic idea of this approach is the separate calculation of the intrinsic and the geometrical efficiencies, and the factors which related to the photon attenuation in the detector end cap, inactive layer, source container, and the self-attenuation of the source matrix. The calculations depend on two main factors. First is the accurate analytical calculation of the average path length covered by the photon in each of the following: the detector active volume, the source matrix, the source container, the inactive layer, and the end cap of the detector. Second is the geometrical solid angle Ω.
Basics of the efficiency computation
The case of a non-axial point source Consider a right circular cylindrical (2R × L) detector and an arbitrarily positioned isotropic point source located at a distance h from the detector top surface and at a lateral distance ρ from its axis, as shown in Figure 1 .
The efficiency of the detector with respect to point source is given as follows [16] :
where t′(θ, φ) and t′′(θ, φ) are the possible path lengths traveled by the photon within the detector inactive layer and the end cap material, respectively.
Consider that the detector has an inactive layer covering its upper surface with thickness t DF and its side surface with thickness t DS , as shown in Figure 1 . The possible path lengths and the average path length traveled by the photon within the inactive layer for cases (ρ ≤ R) and (ρ > R) are shown in Table 2 , where t′ 1 and t′ 2 represent the photon path length through the upper and the side surface of the inactive layer, respectively.
Consider that the thickness of the upper and side surfaces of the detector end cap material is t a and t w , respectively, as shown in Figure 1 . The possible path lengths and the average path length traveled by the photon within the detector end cap material for cases (ρ ≤ R) and (ρ > R) are shown in Table 3 , where t′′ 1 and t′′ 2 represent the photon path length through the upper and the side surface of the detector end cap material, respectively. From Table 3 , it was observed that the case in which (ρ > R) has two sub-cases which are (R < ρ ≤ R a ) and (ρ > R a ), where R a is the inner radius of the detector end cap. There is a very important polar angle (θ cap ) which must be considered when we study the case in which ρ > R a , and this is given by the equation below:
where k is the distance between the detector end cap and the detector upper surface.
The case of a parallelepiped (block) source
Consider a block source with dimensions A (major side), B (minor side), and H (height) as illustrated in Figure 2 , then the efficiency is given by the equation below: Table 2 Possible path lengths and their average traveled by the photon within the inactive layer [ρ ≤ R and ρ > R] Table 1 The values of the polar and the azimuthal angles based on the source-to-detector configuration [16] The polar angles The azimuthal angles
where V is the volume of the block source (V = ABH), S self is the self-attenuation factor of the source matrix, and S sc is the attenuation factor of the source container material. The intrinsic and geometrical efficiencies are defined before in Equations 2 and 3, respectively, but the average path length d traveled by the photon through the detector and the solid angle will have new forms due to the geometry of Figure 2 . The average path length is expressed as follows:
The geometrical efficiency ε g is given by Table 3 Possible path lengths and their average traveled by the photon within the detector end cap [ρ ≤ R and ρ > R]
where α is the angle between the lateral distance ρ and the detector's major axis, as shown in Figures 3 and 4 . The factor 4 is introduced in Equation 10 to cover the values of α from 0 to 2π. The values of N b1 , N b2 , N b3 , and N b4 are given as follows: 
I 1 and I 2 are the numerator and the denominator, respectively, of d in the equation obtained by Abbas et al. [16] for non-axial point source, and h o is the distance between the source active volume and the detector upper surface.
The new forms of the average path length traveled by the photon through the detector inactive layer and the detector end cap material are given by Equations 18 and 21, respectively.
where Z 1 and Z 3 are already defined in Table 2 .
with
where Z′ 1 and Z′ 3 are as identified before in Table 3 .
If Δh is the source container bottom thickness, Δy is the source container wall thickness from the minor axis, and Δx is the source container wall thickness from the major axis. Table 4 shows the possible path lengths traveled by the photon within the source and the source container, while Table 5 shows the values of the polar and azimuthal angles of the source; the source container also shows the maximum angle of the photon to enter the detector from the face and the minimum angle of the photon to enter the detector from the side which are labeled by θ max and θ min , respectively.
The self-attenuation factor of the source matrix is given by Table 4 The possible path lengths traveled by the photon within the source and the source container Table 5 Values of the polar and the azimuthal angles of the source and the source container
The source The source container
The polar angles The azimuthal angles The polar angles The azimuthal angles
where μ s is the attenuation coefficient of the source matrix, and t is the average path length traveled by a photon inside the source and is given by
where j takes the values from 0 to 4, while i takes the values from 1 to 4. The values of M b1 , M b2 , M b3 , and M b4 are given as follows:
Now, we can find the values of g b1 , g b2 , g b3 , g b4 , and g b5 (consequently, we can find the value of t ), see Figures 3 and 4 .
where
The attenuation factor of the container material is given by
where μ c is the attenuation coefficient of the source container material, and t c is the average path length traveled by a photon inside the source container and is expressed as
Experimental setup
The FEP values were measured by employing two different NaI (Tl) detectors called as Det. 1 and Det. 2. The manufacturer parameters and the setup values are shown in Table 6 . The sources used are polypropylene (PP) plastic vials of volumes 100 and 200 mL filled with an aqueous solution containing 152 Eu radionuclide which emits γ-ray in the energy range from 121 to 1408 keV. Table 7 shows the dimensions of the sources. The efficiency measurements are carried out by positioning the sources over the end cap of the detector. In order to minimize the dead time, the activity of the sources is prepared to be 5,048 ± 49.98 Bq. The measurements are carried out to obtain statistically significant main peaks in the spectra that are recorded and processed by winTMCA32 software made by ICx Technologies (ICx Technologies GmbH, Solingen, Germany). The acquisition time is high enough to get a number of counts at least 20,000, which makes the statistical uncertainties to be less than 0.5%. The measured spectra were analyzed with Genie 2000 software (CANBERRA Industries Inc., Meriden, CT, USA) using its automatic peak search and peak area calculations, along with changes in the peak fit using the interactive peak fit interface when necessary to reduce the residuals and error in the peak area values. The peak areas, the live time, the run time, and the start time for each spectrum are entered in the spreadsheets that are used to perform the calculations necessary to generate the efficiency curves.
The full-energy peak efficiency values for the two NaI (Tl) detectors were measured as a function of the photon energy and calculated using the following equation:
where N(E) is the number of counts under the fullenergy peak that is determined using Genie 2000 software, T is the measuring time (in seconds), P(E) is the photon emission probability at energy E, A S is the radionuclide activity, and C i are the correction factors due to dead time and radionuclide decay. All the sources were measured on the detector entrance window as an absorber to avoid the effect of β-and X-rays, so no correction was made for X-gamma coincidences. This is because, in most cases, the accompanying X-ray was soft enough to be absorbed completely before entering the detector and also the angular correlation effects can be negligible for the low source-to-detector distance. It must be noted that gamma-gamma coincidences were not taken into account, which can induce deviations of the peaks' area. In these measurements of low activity sources, the dead time is always less than 3%. So, the corresponding factor is obtained simply using the ADC live time. The statistical uncertainties of the net peak areas are smaller than 0.5% since the acquisition time is long enough to get a number of counts of at least 20,000. The background subtraction is done. The decay correction C d for the calibration source from the reference time to the run time is given by
where λ is the decay constant, and ΔT is the time interval over which the source decays corresponding to the run time. The main source of uncertainty in the efficiency calculations is the uncertainties of the activities of the standard source solutions. Once the efficiencies have been fixed by applying the correction factors, the overall efficiency curve is obtained by fitting the experimental points to a polynomial logarithmic function of the fifth order using a nonlinear least square fit. In this way, the correlation between the data points from the same calibrated source has been included to avoid the overestimation of the uncertainty in the measured efficiency. The uncertainty in the full-energy peak efficiency σ ε is given by
where σ A , σ P , and σ N are the uncertainties associated with the quantities A S , P(E), and N(E), respectively.
Results and discussion
Figures 5 and 6 show the full-energy peak efficiencies for both NaI (Tl) detectors (Det. 1 and Det. 2) which include measured, calculated with S self , and calculated without S self for parallelepiped sources (100 and 200 mL) placed at the end cap of the detector as functions of the photon energy. The percentage deviations between the calculated (with and without S self ) and the measured full-energy peak efficiency values are calculated by
where ε cal-with Sself , ε cal-without Sself , and ε meas are the calculated with/without self-attenuation factor and experimentally measured efficiencies, respectively. Table 8 shows the Figure 6 The full-energy peak efficiencies of Det. 2. Measured, calculated with S self , and calculated without S self for different parallelepiped sources placed at the end cap of the detector as functions of the photon energy. Figure 5 The full-energy peak efficiencies of Det. 1. Measured, calculated with S self , and calculated without S self for different parallelepiped sources placed at the end cap of the detector as functions of the photon energy. comparison between the percentage deviations Δ 1 % and Δ 2 % for the different volumes placed at the end cap of the NaI (Tl) detectors. The discrepancies between the calculated with S self and measured values were found to be less than (2%), while those between calculated without S self and measured values were found to be less than (35%). Obviously, the non-inclusion of the self-attenuation factor in the calculations caused an increase in the full-energy peak efficiency values. So, to get correct results, the selfattenuation factor must be taken into consideration. Also, Figures 5 and 6 , and Table 8 show that the source of selfattenuation is more effective with large sources, where the photon has traveled a larger distance within a source matrix, so the possibility of getting it absorbed will be more; hence, the attenuation will be more. Its effect starts to decrease when the volume decreases (the distance traveled by the photon within the source matrix decreases).
Conclusions
In the present work, the authors introduced separate calculation of the factors related to photon attenuation in the detector end cap, inactive layer, source container, and the self-attenuation of the source matrix. Also, a direct analytical approach for calculating the full-energy peak efficiency has been derived. The examination of the present results as given in the figures reflects the importance of considering the self-attenuation factor in studying the efficiency of any detector using parallelepiped sources.
